Introduction
An impartial game in the normal play is a game in which two players take turns making moves, and the first player who cannot make a move loses. All the information about the game must be available to both players (e.g., unlike most popular card games); all moves must be accessible to both of them; and there is no chance moves (e.g., no dice); and the outcome must be win or lose. Under the assumption of "perfect play" (the two players are infinitely smart), we say that a position is a P-position if the player who makes the previous move will win, otherwise it is an N-position, i.e., the next player will win.
Wythoff's Game [13] is an impartial game consisting of two piles of tokens. Players can remove any number of tokens from a single pile, or the same number of tokens from both piles. The P-positions are well-known and well explained by Fraenkel [6] : they are a sequences of pairs of integers {(A n , B n )} n≥0 , such that A n = mex{A m , B m | 0 ≤ m < n} and B n = A n + n with A 0 = B 0 = 0, where mex is the Minimal EXclusive value, i.e., the least nonnegative integer that is not in the set. They can also be written as A n = nφ and B n = nφ 2 , where φ = (1 + √ 5)/2 (the golden section). Various generalizations and results on this game were done by Blass and Fraenkel [1] , Blass, Fraenkel, Guelman [2] , Berlekamp, Conway, and Guy [3] , Coxeter [4] , Dress [5] , Fraenkel and Borosh [8] , Fraenkel and Ozery [9] , Fraenkel and Zusman [10] , Landman [12] , Yaglom and Yaglom [14] .
Another generalization of Wythoff's game, involving more than two piles, was proposed by Fraenkel [7] , which is listed in the survey article by Guy and Nowakowski [11] as one of the "unsolved problems in combinatorial games." We are given N piles of tokens, whose sizes are A 1 , . . . , A N , A 1 ≤ · · · ≤ A N . A player can remove any number of tokens from a single pile, or, for any non-zero vector of non-negative integers (a 1 , . . . , a N ) whose nim-sum is 0, remove a i tokens from the i-th pile (for 1 ≤ i ≤ N).
[Recall that the nim-sum (denoted by ⊕) is binary addition without carry. 
where T is a (small) set of integers.
In this paper, we prove the conjectures for the three-heap Wythoff's game when A 1 ≤ 10.
, the only numbers between A n and A n+1 are in {B i } i≥n 0 , which are not pair-wise sequential, therefore A n+1 − A n ≤ 2 and 
Proof. It is well explained by Fraenkel [6] that the sequence satisfies all the requirements for special Wythoff's sequence.
(1) See [6] .
(2) It is a direct corollary of the previous lemma. The first two items are highlighted again because they are of special interest to us in the coming sections.
Since the left-hand side of the inequality is an integer, it is at least 3. (5) Similarly for any n, nφ − (n − 3)φ < nφ − (n − 3)φ + 1 < 5.9. So the left-hand side can be at most 5. 
• A n = nφ + α + ε n , where m 1 − 2 ≤ n ≤ m 2 and −1 ≤ ε n ≤ 1, and
Proof. The last assumption is equivalent to the statement that there do not exist three consecutive non-zero ε s by Lemma 2.5 when m 1 − 2 ≤ i ≤ m 2 , and we are to prove 1) −1 ≤ ε i ≤ 1 when i > m 2 ; and 2) there are no two consecutive non-zero ε s when i > m 2 . Once proved, this lemma provides a way to evaluate the behavior of ε n , and determine when the behavior starts.
We are going to prove the lemma in two steps: First, if ∃ n > m 2 such that ε n / ∈ {0, ±1}, let n be the smallest of such numbers, then ε n = ±2 by Lemma 2.5. There are four cases: a) A n = A n−1 + 2 and ε n = −2: ε n−1 = −1 by Lemma 2.5, and
Since { nφ + n} and { nφ } are complementary and nφ = (n + 1)φ − 2, we must have ε m = 0 and mφ
By our assumption of ε n−1 ε n−2 ε n−3 = 0, we know ε n−3 = 0, and by the definitions of A n and B n , B m−1 = A n−1 − 1, which is to say (m − 1)φ + m − 1 + ε m−1 = (n − 1)φ . Again, since { nφ + n} and { nφ } are complementary and nφ = (n − 1)φ + 1, ε m−1 has to be 1. Now consider A n−2 − A n−3 , which is 1 or 2 by Lemma 2.3.
By Lemma 2.3, A n−1 = A n−2 + 2, and by Lemma 2.5,
, which means ε n−3 = −1 and ε n−1 ε n−2 ε n−3 = −1, contradictory to our assumption.
Secondly, if there exists n > m 2 such that ε n ε n−1 = 0, i.e., ε n = ε n−1 = ±1, let n be the smallest of such numbers, then by Lemma 2.3 and by what we have just proved, ε n−2 = 0. There are two cases: 
, ε m+1 = 1 and ε m+1 ε m ε m−1 = 1, contradictory to our assumption.
Main Results
In this section, we adopt the following notation: • P m is the set of P-positions whose first piles have m tokens;
With the notation above, each list of three numbers uniquely identifies a three-heap position, and vice versa. For our convenience and without any confusion, we also use [0, b, c] to denote two-heap positions.
We will also abuse the definition of (special) Wythoff's sequence by replacing the requirement of B n = A n + n to B n+1 − A n+1 = B n − A n + 1 when n is large enough, since we can obtain a Wythoff's sequence by chopping off a number of pairs from the sequence and reorganizing the indices.
The We implement the following steps in order to prove the conjectures on the Wythoff's game for any specific m. 
12)
14)
17) N([a, b, c] ). We now define:
, and
The sum for F 2 (x 1 , x 2 ) is over the set of all known P-positions in P m ; and the sum for In Figure 1 , m = 1; each (small) cross is an instant winner; and each "X" is a Pposition. • If there exists n such that B i = c when i < n; B n > c; and coeff(F 2, n (x 1 ),
Proof. Here we can see the advantage of symbolic over numeric computing, even though the latter would have been faster if we were only looking for the next P-positions. Consider the generating function F 1 (x 1 , x 2 ) generated by all the P-positions, whose first piles have less than m pieces, and their induced N-positions, namely, the sum of the formal power series (3.11), (3.12), (3.13), (3.17), (3.18), (3.19) and (3.20) over all the P-positions described above. Let F 1, n (x 1 , x 2 ) be the Taylor expansion of
as the coefficient of x n of the Taylor expansion of f (x), and let F 2, n (x 1 ) be coeff(F 1, n (x 1 , x 2 ), x 2 , c). So from the proof of the previous claim, c ∈ S m if we can show that there exists N such that B m n = c when A m n ≤ N, and coeff(F 2, n (x 1 ), n) are all positive when n > N. The first two cases are obvious because we can remove the same number of tokens from two different piles, or symbolically we can use (3.19) and (3.20) , and work with the coefficients of the corresponding formal series. In the third case, we only consider the moves that remove tokens from all three piles, or equivalently, cases (3.1), (3.2) and (3.3), which generate formal series (3.11), (3.12) and (3. In the language of instant winners, c ∈ S m 1 (n) means the instant winners will fill the horizontal line y = c for x > A m n , e.g., check c = 2, 17 in Figure 1 . 
we also assume:
Note that although there are eight conditions in the assumption, the first six are in fact necessary conditions for the conjectures.
We prove this claim by induction and assume all the conditions are true for n ≥ n 1 , i. As we can see, the results for m = 1 are consistent with the ones predicted by Fraenkel [7] , that also appear in Guy, R.J. Nowakowski [11] , since the 21st and 28th P-positions are [1, 32, 23] and [1, 44, 30] respectively. (Note that our notation differs slightly from that of [7] , so some of the signs are reversed.)
Epilogue
The method discussed here should be able to be extended to prove the conjectures for Wythoff's games with more than three heaps. A numerical method, instead of the symbolic one presented here, may also be developed to improve the performance, provided Claim 3.3 can be proved without using the generating functions. We hope the result presented here would be a stepping-stone for others to finally prove the conjectures, and better yet, to provide a constructive polynomial-time winning strategy for the game.
